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Three Applications

1. Factorization of the characteristic polynomial
2. Counting increasing forests

3. "Switching” the characteristic polynomial and the corank
polynomial
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Main Example

Let G = (V, E) be a graph. A flat of G is a collection of edges F
such that each connected component of the graph with vertex set
V' and edge set F is an induced subgraph of G.
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The flats are (), {12}, {13}, {23}, {12,13,23}.
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The minimum element of a poset P is denoted by 0. For the
entirety of this talk, we will assume our posets have minimum
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The Mobius Function

The minimum element of a poset P is denoted by 0. For the
entirety of this talk, we will assume our posets have minimum
elements. We will also assume that all posets are finite.

The Mobius function of a poset P is the unique map,u: P — Z,

such that
Z :UJ(X) = 56,y'
x<y
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The Characteristic Polynomial
The characteristic polynomial of a poset P is
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The Characteristic Polynomial
The characteristic polynomial of a poset P is

Z 'u tP(P /’(X
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X(L(K3),t) =2 =3t +2=(t — 1)(t - 2)
If G is a graph, ¢(G) is the number of connected components, and
P(G,t) is the chromatic polynomial of G then

P(G,t) = t(C\(L(G), t).
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First Application: Factorization

The characteristic polynomial of the bond lattice of K3 factors as
X(L(K3), 1) = (t = 1)(t - 2).
How can we explain this factorization?

Lemma
Let P and Q be posets.

1. If P = Q, then x(P,t) = x(Q, t)
2. x(Px Q,t) = x(P,t)x(Q, t).
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The n-claw is the poset with a 0 and n atoms and is denoted CL,,.
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First Application: Factorization
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First Application: Factorization

{12,13,23} +2 ({12}, {13}) ~ ({12},{23}) +2
—1 {12} —1 {13} —1 {23} (0,{13}) ({12},0) —1 (@,{23}1)
\ ®+1/ (0,0) +1

L(K3) CLy x CLy/ ~



First Application: Factorization

{12,13,23} +2 ({12},{13}) ~ ({12},{23}) +2
-1 {12}/1{13}\1{23} (@,{13/12},®>@,{23}1)
\ Q)H/ \ M)H/
L(Ks3) CLy x Cly/ ~
Therefore,

(t=1)(t—2) = x(CL1x Cla, t) = x(CL1x CLy/ ~,t) = x(L(K3), t).
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Let G be a graph with vertices labeled 1,2,...,n. We say a
collection F of edges of G is an increasing forest of G if each
connected component of the graph with vertex set 1,2,...,n and
edge set F is an increasing tree.

Example

Increasing Forests of size 0: ()

Increasing Forests of size 1: {12}, {13}, {23}
Increasing Forests of size 2: {12,13},{12, 23}
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Second Application: Counting Increasing Forests

Recall the products of claws that we considered when looking at
L(K3).

({12}, {13}) ({12}, {23})

I

{12} {13} {23} (0,{13}) ({12},0) (0,{23})
0 0 (0,0)
CLl CL2 CL1 X CL2

If one takes the union of the sets in each ordered pair, we get the 6
increasing forests of K3.



Second Application: Counting Increasing Forests

The increasing forest generating function of G is given by

IF(G,t) =Y (~1)kIFt"*

k>0

where [Fj is the number of increasing forests with k edges and
n=|V(G)|



Second Application: Counting Increasing Forests
Example

Increasing Forests of size 0: ()
Increasing Forests of size 1: {12}, {13}, {23}
Increasing Forests of size 2: {12,13},{12, 23}
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So for K3, we have

IF(Ks, t) = t3=3t242t = t(t—1)(t—2) = P(G, t) = tx(L(K3), t).
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Second Application: Counting Increasing Forests

A labeling of a graph with the numbers 1,2... nis called a
perfect elimination order if whenever i < j < k and ik and jk are
edges then so is jj.

Using quotient posets we can show the following.

Theorem
Let G be graph with vertices labeled 1,2, ..., n. We have

IF(G,t) = P(G,t)

if and only if the labeling is a perfect elimination ordering.
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Third Application: The Corank Polynomial

For L(K3) we have
x(L(K3),t) = t* =3t +2

and
CR(L(K3),t) = t* + 3t + 1.

Is it possible to find another poset where these polynomials
“switch” ?



Third Application: The Corank Polynomial

For L(K3) we have
x(L(K3),t) = t* =3t +2

and
CR(L(K3),t) = t* + 3t + 1.

Is it possible to find another poset where these polynomials
“switch” ?
Yes!
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Third Application: The Corank Polynomial
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How we find the poset where the polynomials switch?

abc ab ba ca
v
a b c a b c
\b /C \ /
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P C(P)

The edge labeling on P is an EL-labeling. The poset C(P) is the
poset of saturated chains starting at 0 in P.



Third Application: The Corank Polynomial

Identify elements of C(P) which are rearrangements of each other.

abc ab ba ca
RN
a b c a b c
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0 0

P c(P)

The edge labeling on P is an EL-labeling. The poset C(P) is the
poset of saturated chains starting at 0 in P.



Third Application: The Corank Polynomial

Upon identification we get the following.
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Thank You!



